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quantum i?-matrix satisfying the Yang-Baxter equation is given. A procedure 
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The subject of the present paper is the quantum i?-matrix with the spec- 
tral parameter equal to zero (in the terms of the paper [|TJ ) . As is well known 
this i?-matrix satisfies the Yang- Baxter equation || 

-R12-R13-R23 = -R23-R13-R12 (1) 

Usually one considers R as nondegenerate finite dimensional matrix acting 
on the tensor product V ® V of the finite dimensional vector space V. Then 
the notation Rij in eq. (0) signifies the matrix on V <S> V <S> V acting as R on 
the i-th and the j-th components and as identity on other component e.g. 

R 12 = R ® 1 

The quantum f?-matrix and the corresponding Yang-Baxter equation are 
connected with the various problems of the theoretical and mathematical 
physics. The most significant achievement is the observation that the solu- 
tions of the Yang-Baxter equation are related to the special algebras. These 
are the deformed Lie algebras with comultiplication (Hopf algebras) the so 
called "quantum groups" ||. Other new algebras introduced in j| are based 
in the exponential solutions of the Yang-Baxter equation. These develop- 
ments have led to the construction of some generalized expressions for R- 
matrix. However, it is hardly to expect that these expressions exhaust all 
the solutions of the Yang-Baxter equation. The new multiparametric non- 
standard solution of (0) presented recently on || are one such example only. 
In the present paper we would like to reconsider the problem of the exact 
solutions of Yang-Baxter equation from slightly different point of view. We 
are going to present a new definition for quantum i?-matrix exploiting the 
idea for operator acting on a functional space. For this aim let us consider 
the space M of functions of two arguments defined on the direct product 
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G x G, where G is an arbitrary Lie group. The arbitrary function from M 
have the form 

f = f(h;g) (2) 

where the variables h and g run over all elements of group G independently. 
Now we can give the definition of the following (Right and Left) operators 

R R f(h;g) = w R (h;g)f(h;h- l gh) (3) 
R L f(h;g) = w L (h;g)f(ghg- 1 ;g) (4) 

Here the quantities w R (h;g) and w L (h;g) are so called "multiplicators" sat- 
isfying the equations 

w R (h 2 ;g)w R (h 1 ;h^ 1 gh 2 ) = w R (h 2 hi, g) (5) 
w L (h;g 2 )w L (g 2 hg 2 1 ;g 1 ) = w L (h; g 2 g x ) (6) 

Theorem: Let us denote with Rfj (A = R or L and i, j = 1,2,3) 
the operators acting on z-th and j-th argument of the function f(gi, g 2 \ g-s) 
defined on G x G x G as R A from definitions ([3]) or ([|) respectively. Then 
the operators R^ for every fixed A satisfy the Yang-Baxter equation (|l|). 

The proof of this theorem is based on the properties ([5]) and (P) of the 
multiplicators. Although their explicit form is not of importance, we shall 
give a rather general expression for these multiplicators. Let T(g) is an 
arbitrary finite dimensional matrix representation of the group G. Then it 
is easy to verify that the quantity 



fSpKT{h^gh) 



d 



fulfil eq.@, where with K we have denoted an arbitrary but fixed matrix 
of the same dimension and d is real constant. We can write down similar 
expression for the left multiplicator as well. 
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Using the local coordinates in the Lie group G we can give more effective 
form to our definitions, which is fruitful for the concrete applications. Here 
we shall choose the coordinates usually called " canonical parameters" || . In 
these parameters the representations of the local Lie group G have strongly 
exponential form. Let us suppose that G has n parameters which we denote 
with a p , (3 V , . . . ([A, v — 1, 2, . . . , n). Then the function f(h; g) from (H) can 
be written in the coordinate form as functions depending on 2n variables 
f(ct[Mi(3u), where a^and/3^ are parameters of the group elements h and g 
respectively. 

In what follows we will consider the right i?-matrix from definition ( |^) 
only. The corresponding left matrices can be obtained analogously. If we 
denote with P p (a) the matrices of the adjoint representation of the group G, 
then the parameters of element h~ 1 gh have the form 

^ = (8) 

This expression follows directly from the definition of the adjoint represen- 
tation. Moreover, for the canonical parameters, the following identity 

P^(a p )a u = (9) 

is fulfiled. Then the definition (|]) takes a new form 

Rf(a P \ P.) = w(a p ; &)/(a A ; P;(a T )(3„) (10) 

Instead of the group elements in the arguments of the multiplicator we sub- 
stitute their parameters. Then eq.(|5|) can be rewritten in the form 

w(a 2p ; p a )w(aip] P p {a 2 u)Py) = w {m p (a 2lJj \ ai T );/3 a ) (11) 
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where with m p {ot2u\ «ir) we denote the parameters of the element hih\. It is 
clear that the functions m p (a2uj] ol% t ) express the group's multiplication law. 
In terms of the group parameters we have chosen, these functions satisfy the 
following simple chain of identities. 

m p {^] a u ) = m p (a u ; P^a)^) = m p ((i 5-1 )^ C#H; (12) 

In general the above defined here f?-matrix is an infinite-dimensional . 
As is well known for the Lie groups, the functions P^(a)/3 u ,w(a p ; (3 a ) and 
m p (a p ; (3 U ) are smooth. According to the definition ((T0|) of the operator R the 
subspace S of M consisting of smooth functions is invariant under the action 
of this operator. Using the basis of orthonormal functions in the subspace S 
we can obtain the matrix form of the operator R. 

Another invariant subspace one can obtain when G is an simple compact 
group with structure constants C^ u p . It is well known that in this case there 
exists a positive defined scalar product (Killing metric) invariant with respect 
to the adjoint representation of this group. In particular if with rj^ u is the 
Killing metric tensor, then the scalar square 

(3 2 = V ^f3 p [3 u (13) 

is invariant under the transformation (|§D 

Remark: The Killing metric tensor is defined as follows: 

rT = -^iC w .C V(I p (14) 

Let us consider now the special subspace D of M constructed from the 
functions having the following form: 



l{a p] f3 u )5{a 2 - P 2 )5{f3 2 - p 2 )5 {{a(3) - q) (15) 
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where p and q are arbitrary real constants and the functions l{a^ (3 V ) are 
smooth. Here we have used the following notation: 

It is easy to verify that the subspace D of functions ( |I5|) is invariant 
under the action of the operator R from (|T0|). In this check we have to use 
the property (|9|) in order to convince ourselves that the quantity (a(3) in the 
delta-function argument is not changed too (some definitions used here are 
given in the Appendix). 

In our opinion the main question now is whether a finite dimensional 
i?-matrix can be obtained from our definitions. To answer it we have to 
investigate the structure of the space M from the point of view of the operator 



action (|T0|) . It is easy to understand that the finite dimensional f?-matrix will 
be defined on a finite dimensional subspace of M invariant under the action 
of the operator R. In the general case the problem to find such subspaces is 
difficult enough. However, when G is a simple compact group this problem 
can be solved in any particular case using the group invariants. In what 
follows we are going to demonstrate how to separate the finite dimensional 
subspace from D in the case when G coincide with SU (2). Then the structure 
constants have the form: 

nyv _ , 

where e^ vp are the components of the completely antisymmetric tensor for 
n = 3. The Killing metric tensor coincide with unit tensor 



Vpu = s, 



fJtU 



Using the definition of the adjoint representation one can derive the following 
identity 

P^)5 pv = Pt{a)P v v '{a)5 v , v ,,P v ; (P°(a)(3 a ) (16) 
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which means that the matrix P p {/3) is an invariant tensor field of second 
rank. Then the general expression of P p {ce) has the form: 

P£{a) = A(a 2 )5 pu + B(a 2 )e upp a p + E[a 2 )6 vv >a p a v > (17) 

All the three functions of the invariant a 2 can be found using the condition 
of the invariance of the Killing metric tensor: 

<^p»p;(cO = V (is) 

and the eq.(0). The result is 



,2 



sin \ op 1 2 sin 
P p {a) = cos Va^5 pu H -=-e pvp oi p H ^-S^a^ (19) 



v or Qi 
The same we can obtain calculating the matrix 

P p {a) = exp i{e vpil oip} (20) 

as well known power series. 

Now we are going to consider the definition ( |T0"D without the multiplicator 
(i.e. we choose d = from eq. ([?])) and with the functions taken from the 
subspace D. Then instead eq.fllOD we have 

Rl(a p ; f3 v )5(a 2 -p 2 )5((3 2 -p 2 )5 ((a/3) - q) = l(a p ; P;{a)(3 a )5{a 2 -p 2 )5{(3 2 -p 2 )5 {{a(3) - q) 

(21) 

Taking into account the explicit form (|17D or (|19|) of P p {a) we can see that 
the quantity P"(a)(3 u entering in eq.(pT|) takes the following simple form: 

P;(a)p v = a x a p + a 2 (3 p + a 3 C p %a p (3 a (22) 



Because of the delta-functions in eq.(pT|) the quantities ai,a 2 and a 3 are 
constants expressed quite definitely by p and q. 
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Now we can see that all the functions l(a^ j3 v ) which coincide with the 
polynomials of the following type 

*K; &) = b + b^a, + % + 6£C"*>A (23) 

form a finite dimensional subspace of D. The action of the operator (f2l"l) 
on these functions leads to a linear changing of the polynomial coefficients 
only. The above mentioned finite dimensional i?-matrix can be extracted as 
the corresponding constant matrix of this linear transformation of the poly- 
nomial coefficients. This procedure coincide with the standard one, used for 
separation the finite dimensional representation from the general functional 
definition of the infinite dimensional operator representation of a Lie group. 
That is why it is not necessary to consider this procedure in more detail. 
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Appendix 

Let G be a n-parametric Lie group and a^, — 1, 2, . . . , n) be the 

canonical parameters of element g G G. According to the canonical 
parameters are defined with the help of the group structure functions S^(a p ) 
in the following way 

SZ(atp)<*u = a„ (24) 

Let T(g) be an arbitrary representation of the group G with generators 
I**. Then the adjoint representation matrices are defined as follows 



T-\g)FT{g)=FP^a) 
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(25) 



The main consequence from eg. (|23|) is that operator T(g) can be written 
in the form: 

T(g) = exp{H li aJ (26) 



Combining the formulas ( 25[) and ( p6| ) we obtain that 



exp exp {il v a v } = exp {jfa,} exp {U p P°(a){3 a } (27) 

from which the eq.(|T2"|) follows immediately. The case when a M = /3 M the 
eq.fl2"7|) leads to the identity (Q). 

Finally the identity (|T6|) also follows from eq. ( |2"7D when the later is written 
for the adjoint representation i.e. when the matrices of the generators are 
(/ M )p = C M<T P {C^ v p are the structure constant of group G as above). 
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